The electroelastic singularities at the vertex of a rectilinearly polarized piezoelectric wedge are investigated using three-dimensional piezoelasticity theory. An eigenfunction expansion approach is combined with a power series solution technique to find the asymptotic solutions at the vertex of the wedge by directly solving the three-dimensional equilibrium and Maxwell's equations in terms of the displacement components and electric potential. This study is the first to address the problems in which the polarization direction of the piezoelectric material is not necessarily either parallel to the normal of the mid-plane of wedge or in the mid-plane. The correctness of the proposed solution is verified by convergence studies and comparison with the published results that are based on generalized plan strain assumption. The solution is further employed to study comprehensively the effect of the direction of polarization on the electroelastic singularities of wedges that contain a single material (PZT-5H),
Introduction
Piezoelectric material is a widely used, smart or intelligent material, because of the intrinsic effects of coupling between electric fields and mechanical deformation. Piezoelectric materials have been extensively applied in actuators, resonators, oscillators, conductors and sensors. The most interesting feature of piezoelectric materials is that they can serve not only as actuators, providing driving signals, but also as sensors for smart structures. In the practical applications, electroelastic singularities are commonly observed at a sharp corner or because of discontinuity in material properties. Accordingly, either local mechanical failure or dielectric failure can occur at a sharp corner. Understanding of the electroelastic singularity behaviors of piezoelectric wedges is essential to optimize the design of piezoelectric devices and further advance smart material technology.
Since Williams [1, 2] pioneered the investigation of the stress singularities at a sharp corner of a thin plate under extension or bending with various boundary conditions along the intersecting edges, numerous studies of geometrically-induced stress singularities in isotropic elastic wedges have been conducted. These are based on plane elasticity theory [3] [4] [5] , threedimensional elasticity theory [6, 7] , classical plate theory [8] [9] [10] , first-order shear deformation plate theory [11] [12] [13] , thirdorder plate theory [14] , and higher-order plate theory [15] . Nevertheless, much less research has been done on the geometrically-induced electroelastic singularities at the vertex of a piezoelectric wedge.
A few studies of the geometrically-induced electroelastic singularities at the vertex of a piezoelectric wedge ( Fig. 1 ) are based on the assumption that all physical quantities under consideration depend on the planar coordinates. Based on the the z-axis or in the x-y plane. An eigenfunction expansion scheme is combined with a power series method to solve the equilibrium and Maxwell's equations in terms of mechanical displacement components and electric potential in a cylindrical coordinate system. The correctness of the proposed solution is ensured by comparison with the published results based on the generalized plane strain assumption. The solution is further employed to examine thoroughly the effects of polarization direction, wedge angle, and boundary conditions on the electroelastic singularities of wedges that comprise a single material (PZT-5H), bounded piezo/isotropic elastic materials (PZT-5H/Si), or piezo/piezo materials (PZT-5H/PZT-4). The numerical results concerning the order of the singularity are expressed in graphic form, and are shown herein for the first time.
Basic formulation
Consider a rectilinearly anisotropic piezoelectric wedge that is polarized in theẑ direction, as presented in Fig. 1 . The constitutive equations of the piezoelectric material are expressed in the material coordinate system (x;ŷ;ẑÞ, as frg ¼ ½ĉfêg À ½ê T fÊg; ð1aÞ
where frg ¼ f rxx rŷŷ rẑẑ rŷẑ rẑx rxŷ g T is the stress vector;
fêg ¼ f exx eŷŷ eẑẑ 2eŷẑ 2eẑx 2exŷ g T is the strain vector; fDg ¼ f Dx Dŷ Dẑ g T is the electric displacement vector;
fÊg ¼ f Ex Eŷ Eẑ g T is the electric field vector, and ½ĉ, ½ê and ½ĝ are the mechanical elastic constant matrix, the piezoelectric constant matrix and the dielectric constant matrix, respectively. It is easy to solve for the eletroelastic singularities at the vertex of the wedge in the cylindrical coordinate system (r, h, z) given in Fig. 1 . In the cylindrical coordinate system, the equilibrium and Maxwell's equations in terms of stress components (r ij ) and electric displacements (D i ) without body force and charges are [33] @r rr @r þ 1 r
The constitutive equations of the piezoelectric material in the cylindrical coordinate system are frg ¼ ½cfeg À ½e T fEg; ð3aÞ
where frg ¼ f r rr r hh r zz r hz r zr r rh g and electric potential (/), given in Appendix II. Substituting those expressions into Eqs. (2) yields the governing equations in terms of mechanical displacement components and electric potential as 
where the characteristic values k m are assumed to be constants and can be complex numbers. The real part of k m has to be positive to satisfy the regularity conditions for mechanical displacement components and electric potential at r = 0 (such as finite displacement and electric potential at r = 0). Substituting Eqs. (6) into Eqs. (5) and carefully arranging the resulting equations yields, 
To investigate the behaviors of the solutions around r = 0, only the parts of the solutions with the lowest order of r have to be considered. That is the solution corresponding to n = 0 in Eqs. (7) . Accordingly, the following equations must be solved. (8) are intractable, if they exist. The power series method can be directly adopted to develop a general solution for ordinary differential equations with variable coefficients. Very highorder terms must be considered to obtain an accurate solution and this requirement can cause numerical difficulties. To overcome these difficulties, a domain decomposition technique is used in conjunction with the power series method to establish a general solution of Eqs. (8) .
The range of h under consideration is first divided into a number of sub-domains (see Fig. 2 ). A series solution to Eqs. (8) is established in each sub-domain. Consequently, a general solution over the whole h domain is constructed from these series solutions in the sub-domains by imposing the continuity conditions between each pair of adjacent sub-domains. This process is a very convenient means of constructing solutions that can be used to analyze multi-material wedges, which are also considered in this work.
To establish the power series solution for sub-domain i of h, the variable coefficients in Eqs. (8) are expanded in terms of the power series of h with respect to the middle point of the sub-domain, h i :
Similarly, the solutions of Eqs. (8) in sub-domain i are expressed as,
Substituting Eqs. (9) and (10) Ĉ 
When the range of h is decomposed into n sub-domains, a total of 8n coefficients must be determined in all of the subdomain solutions that are constructed using the above procedure. These solutions must satisfy the continuity conditions between pairs of adjacent sub-domains. These include continuities of tractions, mechanical displacements, electric displacements and electric potential. These continuity conditions yield 8(nÀ1) algebraic equations. Homogenous boundary conditions at h = h 0 and h = h n must be satisfied, yielding another eight equations. As a result, 8n coefficients are to be determined from 8n homogenous algebraic equations. A nontrivial solution for the coefficients yields an 8nÂ 8n matrix with a determinant of zero. The roots of the zero determinant (k m ), which can be complex numbers, are obtained herein using the numerical approach of Müller [34] .
Verification of solution
To validate the proposed solution, convergence studies for minimum Re[k m ] (real part of k m ) are conducted by increasing the number of sub-domains or increasing the number of polynomial terms in each sub-domain, and the convergent solutions are compared with the published results. The wedges under consideration are made of piezoelectric material PZT-4, which is transversely isotropic. Table 1 presents the material properties of PZT-4. Table 2 considers three cases. Four letters specify the boundary conditions of a wedge at h = 0 and h = c. The first and third letters represent the mechanical boundary conditions at h = 0 and h = c, respectively; and C and F represent clamped and free boundary conditions, respectively. Similarly, the second and fourth letters concern the electric boundary conditions with C and O's denoting electrically closed and open boundary conditions, respectively. These rules are adopted throughout the paper.
The first case concerns a crack problem with a material having its direction of polarization in the z direction (see Fig. 1 ).
The surfaces of the crack are free of surface traction and surface charge. That is r hh = r hr = r hz = D h = 0 at h = 0 and 2p. The results of Sosa and Pak [29] were obtained by using an eigenfunction approach, which is similar to the present approach. Sosa and Pak [29] examined a piezoelectric parallelepiped with a cut-through crack and having its direction of polarization in the z direction, so that they could find a closed-form solution for k m . Table 3 Comparisons between the present and the published km for PZT-4 wedges. The other two cases involve 180°and 360°wedges with FOCC boundary conditions and polarization along h = 180°and h = 270°, respectively, in the plane x-y. Table 2 also presents the results that were published by Hwu and Ikeda [18] . Notably, the solutions of Hwu and Ikeda [18] are two-dimensional solutions, depending on x and y, and are based on the assumption of generalized plane strain and a short circuit. They assumed e zz = 0 and E z = 0, eliminated the terms that were associated with e zz and E z in the constitutive equations, and replaced r zz and D z by the other stress and electric displacement components. Thus, they eliminated c ij (i or j = 3), e k6 and g k3 from Eqs. (4). Using their assumptions and following the present solution procedure shown in Sections 2 and 3, one can obtain exactly the same equations as Eqs. (8) and the same values of k m given in the present work. This fact is indirectly evidenced by two observations. The first is that the terms corresponding to the derivatives with respect to z in Eqs. (5) Table 3 compares k 0 , k 1 and k 2 determined by the present approach with the results published by Hwu and Ikeda [18] and Sze and Wang [24] for PZT-4 wedges with different c, boundary conditions and directions of polarization. Notably, the results of Sze and Wang [24] were obtained by a finite element approach with three-dimensional formulations and assuming all the physical quantities under consideration independent on z. The material properties of PZT-4, which were used in Sze and Wang [24] and are different from those given in Table 3 , were applied for the wedges with FOFO boundary conditions in Table 3 . The different material properties from those in Table 1 and used in Sze and Wang [24] areĉ 33 
Numerical results and discussion
After the correctness of the proposed solutions was verified by performing the convergence studies and comparisons with the published results, the proposed solution was further applied to investigate the electroelastic singularities in a piezoelectric wedge with varying directions of polarization. The wedges under consideration are made of a single piezoelectric material, a piezoelectric material and an isotropic elastic material, or two piezoelectric materials. Two parameters a and b are introduced to specify the direction of polarization, where a is the angle between the x-axis and the projection of the polarization axis onto the x-y plane, and b is the angle between the z axis and the polarization axis. The order of electroelastic singularity at the apex of a wedge is determined by the real part of (k m À1), and the root of primary interest is the one with the smallest positive real part between zero and one. Figure 3 illustrates the effects of the direction of polarization on the minimum values of Re[k m ] for a 270°wedge made of PZT-5H, whose material properties are given in Table 1 . Four combinations of boundary conditions were considered -FOFO, FCFC, COCO and CCCC. As stated in Section 4, FOFO means free mechanical boundary conditions and open electric boundary conditions at both of h = 0°and h = 270°. In Fig. 3a , a = 0°means that the direction of polarization is in the x-z plane, while b = 90°in Fig. 3b indicates that the direction of polarization is in the x-y plane. 
Wedges made of a single piezoelectric material

Bi-material wedges made of piezoelectric and elastic materials
The integration of piezoelectric films on silicon (Si) substrates is favored in the design and formation of micro electromechanical systems. This section study the electroelastic singularities at the interface in wedges that are made of PZT-5H and Si, whose material properties are found in Table 1 . Two typical wedge configurations -those of 180°and 270°wedges -were these two wedges versus their directions of polarization, respectively. Again, four sets of boundary conditions were considered. These are F-FO, F-FC, C-CO, and C-CC, where ''-'' denotes the absence of any electric boundary conditions at h = 0°, according to the rule for defining boundary conditions described in Section 4.
In Fig. 5a and b, the directions of polarization of PZT-5H are in the x-z plane and x-y plane, respectively, while singularities when 18°< a < 88°and 23°< a < 72°under the conditions b = 60°and 30°, respectively. Notably, boundary conditions C-CC yield more severe singularities at the interface than do the other three sets of boundary conditions. According to Fig. 6 , in investigating the singularities in 270°wedges, changes in the direction of polarization may yield considerable changes in minimum Re[k m ]. In Fig. 6a , the order of the singularity falls by approximately 10% under boundary conditions F-FO as b changes from 0°to 90°, and in Fig. 6b , it increases by about 25% under boundary conditions F-FC as a changes from 45°to 135°. 
Bi-material wedges made of piezoelectric materials
Bi-material wedges that comprise piezoelectric materials are commonly encountered in smart structures. This section investigates electroelastic singularities at the interface of bi-material wedges comprised of PZT-5H and PZT-4, whose material properties are provided in Table 1 . The configurations of wedges considered in this section are the same as those in the preceding section, except in that the elastic material in the previous section is replaced by the piezoelectric material PZT-4. Figure 8 illustrate the effects of the orientations of polarization on the electroelastic singularities in wedges with a wedge angle 180°. When the direction of polarization lies in the x-y plane (see Fig. 8b ), 2°< a < 88°and 6°< a < 84°yield no singularities under boundary conditions COCO and CCCC, respectively. When the direction of polarization is on the surface with b = 30°(see Fig. 8c ), no singularities are found for 108°< a < 168°under the FOFO boundary conditions. Changes in the direction of polarization alter the order of the singularity by less than 4%. Free-free mechanical boundary conditions cause more severe electroelastic singularities in 270°wedges (Fig. 9 ) than do clamped-clamped boundary conditions. The orientation of polarization may change the order of the singularity by approximately 9%. For wedges with other angles, that percentage exceeds 10% (Fig. 10) . 
Concluding remarks
This study found an asymptotic solution to a piezoelectric wedge to investigate geometrically-induced electroelastic singularities at the vertex of the wedge based on three-dimensional piezoelasticity theory in a cylindrical coordinate system. The piezoelectric material is first assumed to be anisotropic and its direction of polarization to be arbitrary. The solution was obtained using an eigenfunction expansion approach in conjunction with a power series technique to solve the equilibrium and Maxwell's equations, which are four coupled partial differential equations in terms of the displacement components and electric potential. The present solution is easily reduced to the solution for anisotropic elastic wedges by eliminating the piezoelastic and dielectric constants. The proposed solution is verified by performing convergence studies and comparing the results with the published results.
The proposed solution was employed to examine electroelastic singularities in wedges that comprise a single piezoelectric material (PZT-5H), bounded piezo/isotropic elastic materials (PZT-5H/Si), or piezo/piezo materials (PZT-5H/PZT-4). The minimum Re[k m ], which is directly related to the order of the singularity, is displayed for different wedge angles, combinations of boundary conditions, and directions of polarization. As expected, the strength of the singularity generally increases with the increase of wedge angle. Interestingly, the direction of polarization can be set to eliminate the singularities at the interface of 180°wedges made of PZT-5H/Si or PZT-5H/PZT-4 with free-free mechanical boundary conditions. This phenomenon is particularly important because such wedges are frequently encountered in many smart structures. 
